We study the non-adiabatic cosmological production of ultra light dark matter (ULDM) under a minimal set of assumptions: a free ultra light real scalar as a spectator field in its Bunch-Davies vacuum state during inflation and instantaneous reheating into a radiation dominated era. For (ULDM) fields minimally coupled to gravity, non-adiabatic particle production yields a distribution function peaked at low comoving momentum N k ∝ 1/k 3 .
Section (VI) discusses various aspects and caveats suggesting further questions and avenues of study, and section (VII) summarizes our conclusions. Two appendices provide technical details.
II. THE MODEL FOR THE (ULDM) SCALAR.
We consider a free real ultra-light scalar degree of freedom as a dark matter candidate (ULDM) and invoke the following main assumptions:
i:) It is a spectator field during inflation. Namely, it does not interact with any other field, including the inflaton, and it does not acquire a vacuum expectation value, therefore it does not drive inflation. Because it does not acquire an expectation value it does not contribute to linear perturbations in the metric, therefore it does not induce linear isocurvature perturbations.
ii:) The inflationary stage is described by an exact de Sitter space-time, the ultralight field is in the Bunch-Davies vacuum state and we consider field fluctuations with superhorizon wavelengths at the end of inflation, since these are the wavelengths of cosmological relevance for structure formation.
iii:) We assume instantaneous reheating: namely we consider an instantaneous transition from the inflationary to a radiation dominated stage post-inflation. There is as yet an incomplete understanding of the non-equilibrium dynamics of reheating. Reheating dynamics depend crucially on various assumptions on couplings with the inflaton and/or other fields, and thermalization processes [49] in an expanding cosmology. The question of how the nearly ≃ 100 degrees of freedom of the Standard Model attain a state of local thermodynamic equilibrium after inflation and on what time scales is still unanswered. Most studies model the couplings and dynamics; therefore any model of reheating is at best tentative and very approximate. We bypass the inherent ambiguities and model dependence of the reheating dynamics, and assume instantaneous reheating after inflation to a radiation dominated (RD) era. The physical reason behind this assumption is that we are primarily concerned with wavevectors that have crossed the Hubble radius during inflation well before the transition to (RD) and are well outside the horizon during this transition, hence causally decoupled from microphysics. These modes feature very slow dynamics at the end of inflation, and the assumption that they are frozen during the reheating time interval seems physically warranted (see further discussion in section (VI)). We assume that both the scale factor and the Hubble rate are continuous across the transition. Along with the continuity of the mode functions and their time derivative across the transition (see below), this, in fact, entails the continuity of the energy density obtained from the energy momentum tensor (see below). iv:) Unlike previous studies that invoked the adiabatic approximation, we study non-adiabatic cosmological production of (ULDM). This is a direct consequence of a very small mass and field fluctuations with superhorizon wavelengths after inflation. v:) The (RD) era is dominated by a large number ≃ 100 of ultrarelativistic degrees of freedom justifying taking the space time metric during this era as a background and neglecting the contribution from the single scalar degree of freedom.
In comoving coordinates, the action for the real (ULDM) scalar field is given by
is the Ricci scalar, (here the dot stands for derivatives with respect to comoving time t) and ξ is the coupling to gravity, with ξ = 0, 1/6 corresponding to minimal or conformal coupling, respectively, we will study both cases separately. We consider a spatially flat Friedmann-Robertson-Walker (FRW) cosmology in conformal time coordinate, with the metric given by g µν = a 2 (η) η µν , (II. 3) where η µν = diag(1, −1, −1, −1) is the flat Minkowski space-time metric.
Introducing the conformally rescaled fields φ( x, t) = χ( x, η) a(η) , (II. 4) with R = 6 a ′′ (η) a 3 (η) , (II. 5) the primes now refer to derivatives with respect to conformal time. The action becomes (neglecting an irrelevant surface term that does not affect the equations of motion or energy momentum tensor),
where M 2 (η) = m 2 a 2 (η) − a ′′ (η) a(η)
The inflationary stage is described by a spatially flat de Sitter space time (thereby neglecting slow roll corrections) with a scale factor
, (II. 8) where H dS is the Hubble constant during de Sitter and η R is the (conformal) time at which the de Sitter stage transitions to the (RD) stage.
During the radiation dominated (RD) stage the scale factor is given by a(η) = H R η (II.9) with H R = H 0 Ω R ≃ 10 −35 eV , (II. 10) and matter radiation equality occurs at a eq = Ω R Ω M ≃ 1.66 × 10 −4 .
(II.11)
We model the transition from de Sitter to (RD) at a (conformal) time η R by requiring that the scale factor and the Hubble rate be continuous across the transition at η R , assuming self-consistently that the transition occurs deep in the (RD) era so that a(η R ) = H R η R ≪ a eq . Continuity of the scale factor and Hubble rate at the instantaneous reheating time results in that the energy density, namely the expectation value of T 0 0 is continuous at the transition. This important aspect is discussed further in section (V).
Using H(η) = a ′ (η)/a 2 (η), continuity of the scale factor and Hubble rate at η R imply that
(II.12) yielding
The most recent constraints from Planck on the tensor-to-scalar ratio is [48] H dS /M P l < 2.5 × 10 −5 (95%) CL .
(II.14)
We take as a representative value H dS = 10 13 GeV, from which it follows that
This scale corresponds to an approximate ambient radiation temperature after the transition from de Sitter to (RD)
where T 0 ∝ 10 −4 eV is the CMB temperature today.
We also define the mass of the (DM) particle in units of eV as
which for ultra-light (DM) particles we define as m ev ≪ 1. A. Asymptotic "in-out" states.
The quantization of the real (ULDM) scalar field in a finite comoving volume V proceeds by writing
where k are comoving wave vectors. The mode functions g k (η) are solutions of the equations of motion
and are normalized to obey the Wronskian condition
so that a k , a † k obey canonical commutation relations.
A familiar interpretation of the mode equation follows by writing (III.2) as
namely a Schroedinger equation for a wave function g k with a potential V (η) and "energy" k 2 .
The potential V (η) and/or its derivative are discontinuous at the transition η R ; however g k (η) and
the matching conditions are
As is discussed below (see section (V)), these continuity conditions on the mode functions, along with the continuity of the scale factor and Hubble rate at the transition ensures that the energy density is continuous at the transition from inflation to (RD).
Inflationary stage:
We consider that the (ULDM) scalar is in the Bunch-Davies vacuum state during the inflationary stage, which corresponds to the mode functions g k (η) fulfilling the boundary condition
and the Bunch-Davies vacuum state |0 is such that
We refer to this vacuum state as the in vacuum.
We will consider both cases: conformal coupling (CC) ξ = 1/6 and minimal coupling (MC) ξ = 0.
During the de Sitter stage (η < η R ), with the scale factor given by eqn. (II.8), the mode equation becomes
.
(III.10)
The solution with the boundary condition (III.7) is given by
is a Bessel function. We note that with H dS ≃ 10 13 GeV it follows that m/H dS ≃ m ev 10 −22 ≪ 10 −22 and can be safely ignored in the expression for ν. Therefore, neglecting the mass of the (ULDM) scalar, we find
for ξ = 1/6 (CC)
(III.12)
With H dS ≃ 10 13 GeV we find that η R ≃ 10 6 eV −1 ≃ 0.2 meters. In what follows we will consider that all the modes of cosmological interest are well outside the Hubble radius at the end of inflation, namely
for the value of H dS assumed above, with η R ≃ 10 6 (eV) −1 the superhorizon condition (III. 13) corresponds to comoving wavevectors k ≪ µeV or comoving wavelengths ≫ 1 meters, obviously including all astrophysically relevant scales.
The "in" state is the Bunch-Davies vacuum defined by equation (III.8) and the mode functions (III.12) during the inflation stage, taken to be de Sitter space-time, thereby neglecting small slowroll corrections.
Radiation dominated era:
During the radiation era for η > η R , with a(η) = H R η we set a ′′ = 0, and the mode equation
the general solutions of which are linear combinations of parabolic cylinder functions [50] [51] [52] [53] . As "out" boundary conditions, we impose that such a combination should describe asymptotically positive frequency "particle" states and their hermitian conjugate. This identification relies on a WKB form of the asymptotic mode functions.
Let us consider a particular solution of (III.14) of the WKB form
Upon inserting this ansatze in the mode equation (III.14) one finds that W k (η) obeys
(III. 16) where
When ω k (η) is a slowly-varying function of time the WKB eqn. (III.16) may be solved in a consistent adiabatic expansion in terms of derivatives of ω k (η) with respect to η divided by appropriate powers of the frequency, namely
We refer to terms that feature n-derivatives of ω k (η) as of n-th adiabatic order. During the time interval of rapid variations of the frequencies the concept of particle is ambiguous, but at long time the frequencies evolve slowly and the concept of particle becomes clear.
We want to identify "particles" (dark matter "particles") near the time of matter radiation equality, so that entering in the matter dominated era we can extract the energy density and pressure (energy momentum tensor) associated with dark matter particles. Therefore, we seek to clearly define the concept of particles near matter-radiation equality namely a(η) ≃ a eq ≃ 10 −4 .
The condition of adiabatic expansion relies on the ratio
An upper bound on this ratio is obtained in the very long wavelength (superhorizon) limit, taking ω k (η) = m a(η), in an (RD) cosmology leads to the condition
(III.20)
Therefore, even for m ev ≃ 1 corresponding to to a(η) ≃ 10 −17 there is a long period of non-adiabatic evolution since the end of inflation a(η R ) ≃ 10 −29 ≪ 10 −17 / √ m ev , during which the ω k (η) varies rapidly. However, even for an ultra-light particle with m ev ≃ 10 −22 yielding a much longer period of non-adiabatic evolution, the adiabatic condition is fulfilled well before matter-radiation equality.
The adiabaticity condition becomes less stringent for non-vanishing wavevectors with k ≫ m a(η).
In conclusion, the evolution of the mode functions becomes adiabatic well before matter radiation equality. During the adiabatic regime the WKB mode function (III. 15 ) asymptotically becomes
we refer to the mode functions with this asymptotic boundary condition as "out" particle states which obey the Wronskian condition
The definition of these mode functions as describing particle states merits discussion. Our space time is not Minkowski space time; dark energy entails that the cosmology describing our space time 
where k ph (η) is the physical momentum.
Consider the asymptotic phase of the mode function f k (η) given by eqn. (III.21), using the relations (III.23, III.24) and a(η) dη = dt with t being cosmic time, it follows that
(III.25)
Expanding around the lower limit and integrating we find
with H(t 0 ) the Hubble expansion rate at t 0 . Therefore it is clear that the phase is associated with particle states over a time scale t − t 0 ≪ 1/H(t 0 ) ≃ 13 Gyr. Thus on these time scales Minkowski space-time particle states are a valid description. This, of course is just a consequence of the equivalence principle.
The general solution of equation (III.14) is 
(III.29)
Using the Wronskian condition (III.22) and the matching condition (III.6), we find that the Bogoliubov coefficients are determined from the following relations,
Since the mode functions g < k (η) also fulfill the Wronskian condition (III.3), it is straightforward to confirm the identity (III.29).
For η > η R the field expansion (III.1) yields
We refer to b k , b † k as the annihilation and creation operators of out particle states respectively.
They obey canonical quantization conditions as a consequence of the relation (III.29). In the Heisenberg picture the field operators evolve in time but the states do not. The vacuum state |0
is the Bunch-Davies vacuum state (III.8) in which the number of out-particles is given by
We identify N k with the number of dark matter particles produced asymptotically from cosmic expansion. Only in the asymptotic adiabatic regime can N k be associated with the number of particles. This point will be discussed further in section (VI).
It remains to obtain the solutions f k (η) of the mode equations (III.14) with asymptotic "out" boundary condition (III.21) describing asymptotic particle states.
It is convenient to introduce the dimensionless variables 
and [50, 51] 
With these real solutions we construct the complex solution that satisfies the Wronskian condition (III.22) and features the asymptotic "out-state" behavior (III.21) with ω 2
It is straightforward to confirm that such a solution is given by (see appendix (A))
It is shown in appendix (A) that these solutions do indeed satisfy the asymptotic "out" boundary condition (III.21) and fulfill the Wronskian condition (III.22).
The Bogoliubov coefficients are obtained from eqns. (III.30), where the mode functions during the de Sitter era g < k (η) are given by eqn. (III.12) (with τ = η − 2η R ). We note that the condition x(η) ≪ 1 implies that
Therefore, comparing with the condition for adiabaticity (III.20) we see that the mode functions after the transition are strongly non-adiabatic.
The regime of non-adiabatic evolution is where particle production is most effective (see discussion in section (VI)). Furthermore, particle production is enhanced at longer wavelengths because these modes feature the strongest departure from adiabaticity.
We emphasize that while we assume an instantaneous transition from the inflationary to the (RD) stage, the scale factor, the Hubble rate, the mode functions and their (conformal) time derivatives are all continuous across the transition and this continuity implies a continuous process of particle production. As a consequence of these continuity conditions the transition does not induce a burst of particle production, nor is there any discontinuity in the production dynamics.
This important aspect will be highlighted again in sections (IV) and (V) below in more detail.
B. Minimal coupling
We begin by studying the case of minimal coupling (MC), namely ξ = 0. The mode functions during the inflationary (de Sitter) era are given by (III.12) for (MC) and during (RD) the general solution of the mode equations is given by (III.28) in terms of the solutions (III.40) with out (particle) boundary conditions.
For the minimally coupled case (MC) we find from eqn. (III.12)
(III.44)
Since kη R ≪ 1 we keep the leading order terms in the superhorizon limit k η R → 0 writing
Using these results with the matching conditions (III.30) yield the Bogoliubov coefficients,
Therefore, the distribution function of produced particles is given by
It is convenient to extract the relevant scales, hence define
in terms of which it follows that
Using Stirling's approximation we find that the asymptotic behavior of the ratio of Gamma functions in eqn.(III.56) is given by
We focus on wavelengths that are superhorizon at the end of inflation, namely kη R ≪ 1 which results in the following condition
For large z the product
therefore in the regime of validity of the superhorizon approximation k η R ≪ 1, the product R 2 k δ ≪ 1 and can be safely neglected. Hence we can approximate the distribution function as The number of produced particles N k is strongly peaked at low momentum N k ∝ 1/k 3 . This infrared enhancement and the factor H 2 dS are both remnants of the infrared behavior of light 
(III.63)
C. Conformal coupling
Massless particles conformally coupled to gravity are not affected by the cosmological expansion.
Therefore, we expect that very light particles with conformal coupling will not be substantially produced. However, in order to fully compare with the minimally coupled case, we study the production in the conformal case and focus on establishing the main aspects of the difference.
For conformal coupling the mode functions during the inflationary stage are given by (III.12)
for ξ = 1/6. With kη R ≪ 1 we find
During the (RD) era the mode functions are given by (III.28) with f k (η) given by (III.40). The Bogoliubov coefficients are found in the same manner as for the minimal coupling by equating the functions and η− derivatives at η = η R .
We find The distribution function of produced particles is
Using the asymptotic properties of the Gamma functions, we find that N k → 1/(32α 2 ) 2 ∝ 1/k 8 for k → ∞ and as k → 0
therefore particles are produced primarily with very small momentum k ≪ √ m H R .
It is then convenient to define the distribution function Although the distribution function is peaked at low momentum, there is a striking difference between the minimal and conformal coupling cases. In the (MC) case N k ≃ 1/k 3 whereas for (CC) During the (RD) era both minimally and conformally coupled fields obey the same equations of motion because a ′′ = 0 in (RD), hence the mode functions f k (η) are obviously the same in both cases. The difference in behavior for η > η R emerges from the different matching conditions with the mode functions during inflation. This leads us to conclude that most of the difference in particle production between these cases is a consequence of the evolution during the inflationary stage.
IV. NON-ADIABATIC PARTICLE PRODUCTION.
In the expansion of the field in terms of the exact mode functions (III.1) the annihilation and creation operators a k , a † k are time independent. Following [33-35, 54, 55] we can introduce time dependent operators by expanding in the basis of adiabatic "out" particle states. Introduce the zeroth-order adiabatic modes
and expand the exact mode functions g k (η) as
and the η− derivative (canonical momentum) [33, 54, 55] 
with V k (η) a real function it follows that the Wronskian condition (III.3) yields
Inserting the ansatz (IV.2,IV.3) into the mode equations yields the coupled equations of motion for the coefficients A k (η), B k (η), obtained in references [54, 55] . The relations (IV.2,IV.3) can be inverted to yield the coefficients [54] A
Different choices of the real functions V k (η) yield different dynamics for coefficients A k (η), B k (η) [54, 55] . Taking, for example V k (η) = 0 corresponds to the lowest (zeroth) adiabatic order, another choice, V k (η) = ω ′ k (η)/2ω k (η) yields a first adiabatic order correction [54, 55] . For both of these values, the continuity of a(η), H(η), g k (η), g ′ k (η) across the inflation to (RD) transition implies the continuity of the coefficients A k (η), B k (η). Namely particle production is a continuous process across the transition, and not a consequence of the assumption of instantaneous reheating.
The difference in the η-dependence of the coefficients A, B for these two choices has been studied in ref. [55] . Introducing the expansion (IV.2) into (III.1) yields
Therefore the number of adiabatic particles at a given time η is
(IV.10)
We now choose to expand in the basis of the zeroth-order adiabatic "out" particle states, by setting V k (η) = 0. Note that if g k (η) coincides exactly with the adiabatic mode function f k (η) then A k (η) = 1; B k (η) = 0 and there is no particle production.
During the inflationary stage with a(η) = 1/H dS (η − 2η R ) and η < η R , the mode functions g k (η) are g < k (η) given by (III.12). As η → −∞ (η ≪ η R ) these approach the adiabatic mode functions f k (η), hence it is straightforward to find that
namely the initial vacuum state. For super-horizon wavelengths, kη ≪ 1, the exact mode functions for minimal coupling (MC) in eqn. (III.12) differ drastically from the adiabatic ones leading to non-adiabatic particle production when the wavelengths cross the horizon during the inflationary stage.
During the (RD) stage, for η > η R , the mode functions are g > k (η) given by (III.28) where f k (η) are solutions of Weber's equations with "out" boundary conditions (III.21). At early times after the transition η η R , the Weber functions f k (η) differ drastically from f k (η), however, asymptotically at long time f k (η) coincide with f k (η) because of the "out" boundary conditions (III.21). Therefore, for η ≫ η R at asymptotically long time during (RD), it is also straightforward to show that
hence the interpolating time dependent number of particles yields asymptotically during (RD)
This analysis highlights that the "out" particles are produced during the time regimes where the exact mode functions depart from the adiabatic ones. During inflation particle production is substantially enhanced after horizon crossing in the minimally coupled case, and continues nonadiabatically into the (RD) era during the regime of non-adiabatic evolution (III.20). As clearly discussed in ref. [55] , different choices of the real function V k (η) yield different time dependence of the interpolating particle number during the non-adiabatic stages, precisely when particles are produced. Nevertheless, the asymptotic number of particles coincide with N k for any definitions of V k that involve a higher adiabatic ratio [55] . For example, choosing V k (η) = ω ′ k (η)/2ω 2 k (η) as in ref. [54] , the asymptotic in and out behavior as η → −∞ and η ≫ η R remain the same because the adiabatic ratio vanishes in the asymptotic limits. Therefore, whereas the definition of particles and the evolution of the time dependent interpolating particle number depends on the particular choice of basis vectors (adiabatic order) and the real function V k (η), the aymptotic (out) particle number N k is independent of such choice.
During inflation, for a minimally coupled light scalar field the mode functions are not adiabatic after the corresponding wavelength becomes superhorizon, namely as kη ≪ 1 as evidenced by the exact mode functions for the (MC) case given by eqn. (III.12). As we have stated above, during the (RD) era after inflation, the Weber mode functions are also non-adiabatic after the transition for superhorizon wavelengths. The production of "out" particles occurs primarily during the nonadiabatic evolution and is continuous across the transition from inflation to (RD) domination. As discussed above, this is a consequence of the continuity of scale factor, Hubble rate, mode functions and their conformal time derivative across the transition.
For a conformally coupled (CC) light particle, and with m/H dS ≪ 1 the mode function in the inflationary era, given by eqn. (III.12) (CC), does not differ substantially from f k (η), hence there is very little production during the inflationary era, unlike the minimally coupled case.
Hence we expect, that the (CC) case will yield a much smaller abundance, an expectation that is confirmed by the analysis of the energy momentum tensor below. Furthermore, during (RD) both minimally and conformally coupled fields obey the same equations of motion, while the corresponding mode functions are drastically different during inflation. Therefore, the difference in the evolution for η > η R between these cases is imprinted from the inflationary stage through the matching conditions. While there is a quantitative difference in the dynamics for different choices of V k (η), the above statements remain true for any choice consistent with the adiabatic expansion, as demonstrated in the study of ref. [55] . Furthermore, regardless of the precise definition of an interpolating time dependent particle number, ultimately what is needed to understand the production of dark matter and its cosmological impact is the energy momentum tensor associated with the (ULDM) field.
V. THE ENERGY MOMENTUM TENSOR: RENORMALIZATION, ABUNDANCE

AND EQUATION OF STATE
The energy momentum tensor for the real scalar field φ(x) with generic coupling to gravity is given by 
where ρ(η), P (η) are the energy density and pressure respectively. Using the mode equations (III. 2) it is straightforward to show the covariant conservation of 0|T µ ν |0 . We note that the continuity of the scale factor, the Hubble rate and the mode functions and their conformal time derivatives at the inflation-(RD) transition at η R guarantees the continuity of the energy density 0|T 0 0 |0 as is evident from eqn. (V.2). Hence particle production is not a consequence of the approximation of a sudden transition but rather a consequence of the non-adiabatic evolution, as emphasized previously. 1 We take the infinite volume limit with 1 For η > η R , the mode functions in (
, with the Bogoliubov coefficients given by eqns. (III.30) obeying the relation (III.29). We now write 0|T µ ν |0 in terms of the mode functions f k (η) describing the asymptotic particle states. Since we are interested in the energy momentum tensor near matter radiation equality we average over rapidly varying phases in the interference terms of the form f f, f * f * (and derivatives). We find
where N k = |B k | 2 and used the relation (III.29). The next step consists of expanding W k (η) defining the WKB form of the mode functions (III.15) in the adiabatic expansion (III.18). We follow the steps in ref. [54, 56, 57] and expand the expectation values of the energy momentum tensor up to fourth order in the adiabatic expansion, with the result
where the superscripts refer to the order in the adiabatic expansion. The respective contributions are similar to the results of ref.
( [56, 57] ) but with the extra factor 1 + 2N k in the integrand.
Of particular interest for this study are the zeroth adiabatic order energy density and pressure, which are given by
The energy momentum tensor features ultraviolet divergences that must be regularized and renormalized. This is explicit at zeroth adiabatic order given by eqns. (V.8,V.9), the higher order adiabatic corrections can be found in ref. [56, 57] by multiplying the integrand in momentum by the factor 1 + 2N k . Appendix (B) shows some second order adiabatic contributions that yield ultraviolet divergences in T µ ν for N k = 0. These adiabatic terms feature inverse powers of ω k as befits the adiabatic expansion, in particular 1/ω k ; 1/ω 3 k which yield quadratic and logarithmic ultraviolet divergences.
For the minimally coupled case N k ∝ k −4 at large momenta (see eqn. (III.63)) . Therefore the terms with N k for the higher adiabatic orders do not contribute to the ultraviolet divergences.
Consider for example the second adiabatic corrections ρ (2) , explicitly given in appendix (B), as compared to the zeroth order contribution during the radiation dominated area near matter radiation
with much larger suppression factors for the terms of higher adiabatic order. The same argument holds for T (2) , for which several contributions are explicitly given in appendix (B).
Renormalization:
The ultraviolet divergences in the energy momentum tensor must be regularized and renormalized. For N k = 0 such a program is well established and has been thoroughly studied and implemented in refs. [34, 54, [56] [57] [58] [59] [60] [61] . As discussed in detail in these references, the ultraviolet divergences are absorbed into renormalizations of the cosmological constant, Newton's constant G and into the geometric tensors H (1,2) µν which result from the variational derivative of a gravitational action that includes higher curvature terms ∝ R 2 , R µν R µν . These higher curvature terms are added in the action multiplied by counterterms, which are then required to cancel the coefficients of the geometric tensors in such a way that the renormalized action is the Einstein-Hilbert action.
Since our focus is to study the contribution from particle production, namely N k = 0 we absorb the full energy momentum tensor for N k = 0 into these renormalizations. After this subtraction and renormalization, only the terms proportional to N k in (V.8) and (V.7) are considered.
Since, as shown explicitly in eqn. (III.63) N k ∝ 1/k 4 as k → ∞ for the minimally coupled case, the corrections of second adiabatic order and higher do not feature ultraviolet divergences, and are suppressed by factors of order 10 −62 /m 2 ev near matter-radiation equality. Hence, we keep solely the contribution of zeroth adiabatic order from particle production. After renormalization and to leading adiabatic order we find the contributions to the energy density and pressure from particle production to be given by
This result is noteworthy: the density and pressure are exactly the diagonal components of a kinetic energy momentum tensor describing a (perfect) fluid. Note that the integrals are over comoving momentum, in terms of the physical (local) energy E k (η) = k 2 ph (η) + m 2 and physical momenta k ph (η) = k/a(η) these expressions can be written as
is a frozen, i.e. a time independent distribution function of produced particles. It is straightforward to show covariant conservation, namelẏ
We highlight this result: the usual fluid-kinetic energy momentum tensor emerges as the leading order (zeroth order) in the adiabatic expansion after subtracting the "vacuum" contribution which is absorbed in the renormalization of the cosmological and Newton's constant, and cancel counterterms that multiply higher curvature terms in the action. The full expectation value of the energy momentum tensor during the non-adiabatic stage cannot be written in the kinetic form in terms of the distribution function; such simplification is only available during adiabatic evolution.
As discussed above, in the minimally coupled case the distribution function N k ∝ 1/k 4 in the large k limit, therefore both, the energy density (V.12) and pressure (V.13) at zeroth adiabatic order feature a priori ultraviolet logarithmic divergences. However, these divergences are actually beyond the realm of validity of two of our main approximations, i:) superhorizon wavelengths at the end of inflation, namely kη R ≪ 1. As discussed in section (III), taking the upper bound on the scale of inflation this condition implies that k ≪ µeV, this is hardly an ultraviolet large cutoff in momentum. Therefore, in principle and for consistency, the momentum integrals must be cutoff at this scale, thus the "divergences" associated with particle production are not physical. ii:) as discussed in detail in section (VI) the assumption of instantaneous reheating will definitely not be warranted for sub-horizon wavelengths, and the distribution function for these (large) wavevectors (with k ≫ µeV) may differ drastically from that of the wavevectors that are super-Hubble at the end of inflation. Hence, consistency with our main assumptions imply that the contributions from particle production to the energy momentum tensor must be cut-off at a comoving momentum scale ≃ √ H R H dS ≃ µeV for H dS ≃ 10 13 GeV, which corresponds to wavelengths longer than a meter.
Therefore, we regularize the integrals featuring N k by introducing a comoving upper momentum
Because distribution function N k is enhanced at low momentum we also include a lower momentum cutoff k min ≃ H 0 corresponding to horizon-sized wavelengths today. Hence the energy density and pressure from particle production are given by
The abundance Ω(a) and the equation of state w(a) are, respectively,
A. Minimal coupling:
For the minimal coupling case N k is given by eqn. (III.61) in terms of the variable z defined by eqn. (III.54), in this case we find the abundance (V.20)
The minimum z m provides an infrared cutoff, with k min ≃ H 0 , it follows that
Values of comoving momentum k ≫ m inside the integral of the distribution function yield contributions that redshift as 1/a 4 (η) hence contributing to the radiation component. The matter contribution for a(η) a eq is extracted from contributions to the integrals from comoving momenta k m a eq , hence we introduce an upper cutoff z M ≤ ma eq / √ 2mH R . Therefore for a(η) > a eq we find the contribution to the (DM) abundance
Taking as the maximum comoving wavevector k ≃ m a eq and the minimum k ≃ H 0 it follows
. Upon integration by parts the integral in (V.23) is given by
where in the second term (integral) we have taken z m → 0; z M → ∞ because the integrand vanishes fast at both limits, and the remaining integral is carried out numerically. Therefore to leading order we find Ω(a) = Ω pp a 3 (η)
; Ω pp = 2.09 √ m ev H dS 10 13 GeV The super-horizon approximation k η R ≪ 1 entails a maximum value of the mass for which the approximations involved are consistent. We have set the maximum value of the momentum integral as k M ≃ m a eq so as to capture all the values of momenta that contribute to the (non-relativistic) matter contribution. For this upper limit to be consistent with the superhorizon approximation it follows that the mass of the (ULDM) particle is constrained by the upper limit m a eq η R 1 ⇒ m 0.02 H dS 10 13 GeV 
Taking the value of the mass as given by (V.27) with H dS ≃ 10 13 GeV we find w(a eq ) ≃ 2.5 × 10 −14 .
(V.31)
For a non-relativistic species we find
Therefore, indeed this is a very cold dark matter candidate despite being so light. The main reason is that the distribution function strongly peaks at small values of momentum. The redshift behavior of w(a) is that expected for a non-relativistic component.
Free streaming length:
The comoving free streaming wave-vector is defined in analogy with the Jeans wavevector in the fluid description of perturbations, namely[62]
where V 2 (η) is given by eqn. (V.32), which we have written as
As shown in ref. [62] the cutoff scale in the power spectrum is the comoving free streaming length λ f s ≡ 2π k f s (a eq ) = 2π 2 V 2 eq a eq 3 Ω M 
During the matter dominated era it follows that
hence the free streaming distance from matter-radiation equality until a 0 ≃ O(1) is given by
Using the results (V.31,V.32)) corresponding to H dS ≃ 10 13 GeV, we find
This is the cutoff scale in the matter power spectrum; thus we see that even for a very light (DM) candidate with m ≃ 10 −5 eV the cosmological production yields a very cold species with a rather small free streaming length comparable to that of heavy weakly interacting massive particles. 
therefore the low momentum peak of the distribution function entails that the density redshifts as non-relativistic matter.
Changing variables to z and writing N k ≡ N (z), we find
where z M m a eq / √ 2mH R and the lower limit can be taken to zero because the integrand does not feature an infrared divergence.
The remaining integral is rapidly convergent and is carried out numerically with an upper limit On reheating: Reheating dynamics, namely the non-equilibrium processes that lead to a (RD) dominated era after the inflationary stage are still being vigorously studied. Most studies of reheating necessarily input particular forms for the inflaton potential and model the couplings of (standard model) particles to the inflaton and/or other degrees of freedom thereby yielding model dependent descriptions with widely different time scales depending on unknown couplings and masses [49] .
One of our main assumptions is that the transition from the inflationary stage to the (RD) dominated stage is instantaneous. The main physical reason behind this approximation is that we focus on wavelengths that are superhorizon at the end of inflation. The dynamics of the mode functions for these wave-vectors is on long time scales, hence insensitive to the reheating dynamics occurring on much shorter time scales. Furthermore, in principle, wavelengths larger than the particle horizon are causally disconnected from the causal microphysical processes of thermalization.
While this assumption seems physically reasonable, it must be tested quantitatively. However, this requires studying a particular model of reheating dynamics. While conclusions of a particular model will not be universally valid, perhaps a simple model that dynamically and continuously interpolates (with continuous scale factor and Hubble rate) between a near de Sitter inflationary stage and a post-inflation (RD) stage would illuminate the validity of the instantaneous approx-imation. Most likely such study would require a substantial numerical effort to solve the mode equations during the transition and matching to the solutions in the subsequent (RD) era. Clearly such study is beyond the scope of this article but merits further attention.
Inflationary particle production: During the (RD) era the equations of motion are the same for (MC) and (CC) fields because a ′′ (η) = 0. However, during inflation the equations of motion for the two cases are very different, yielding the drastically different solutions given by eqn. (III.12).
Whereas the mode functions for the (CC) case are "close" to the adiabatic mode functions, those of the (MC) depart substantially when the wavelength becomes superhorizon kη ≪ 1. This difference is imprinted on the evolution of the mode functions for η > η R through the matching conditions (continuity of function and derivative at η R ). The results from the (CC) case confirm negligible particle production in this case, this leads us to conclude that the largest contribution to particle production in the (MC) case occurs during the inflationary stage. This conclusion is bolstered by the analysis of section (IV), where it is shown that the (MC) mode functions depart substantially from the adiabatic ones for superhorizon modes thus resulting in substantial particle production, whereas those for the (CC) case are similar to the adiabatic ones with little particle production.
Bose Einstein condensate vs. distribution function : We have shown that for minimally coupled ultra-light particles the distribution function peaks at very low comoving momentum with N k ∝ 1/k 3 . As discussed in the previous section the distribution function of the produced particles "inherits" the infrared enhancement of the mode functions of minimally coupled ultra-light particles during the inflationary era (taken to be a de Sitter space-time). This enhancement, however, does not imply Bose Einstein condensation, particle number of the real scalar field is not conserved, and the field does not acquire a vacuum expectation value. Namely, there is no off-diagonal long range order and no expectation value that would break a U (1) symmetry both of which are typically associated with Bose-Einstein condensation. The description of this (ULDM) is in terms of the contributions to the energy momentum tensor. This is very different from the phenomenological Schroedinger-Poisson equation advocated for "fuzzy" dark matter [16] [17] [18] which relies on a "manybody" Schroedinger-like wave function for a classical order parameter field akin to the Gross-Pitaevskii equation (non-linear Schroedinger equation) for a superfluid. In many body physics such equation is typically obtained from a variational derivative of the expectation value of a many-body Hamiltonian in a coherent state [63] .
Self-consistency and backreaction:
We have taken the cosmological expansion as a (RD) background, neglecting the contribution of the (ULDM) to the radiation component. Such contribution is obtained from the momentum region with k ≫ m a eq in the integrals for the density and pressure. In principle this contribution modifies the ulrarelativistic content of the plasma contributing a term that redshifts like radiation ∝ 1/a 4 (η) and, in principle, should be treated selfconsistently. However, we consider that the (RD) era is dominated by the ≃ 100 ultrarelativistic degrees of freedom of the standard model (and possibly beyond), therefore the contribution of one extra degree of freedom, can be neglected as a first approximation.
Lower bound on abundance: Including possible interactions with either the inflaton or other fields within or beyond the standard model entails additional production mechanisms for a very long lived (DM) particle. Production from reheating or from other mechanisms only increases the abundance, and loss mechanisms, such as decay, will occur on time scales comparable to or larger than the Hubble time today. Therefore, this study yields a baseline for the production of ultra-light dark matter particles; any other production mechanism will increase the abundance. This is an important corollary of our study: this simplest of models describing the darkest of dark matter (only gravitational interactions) yields an abundance from non-adiabatic particle production which must be accounted for in any model of (ULDM) particles featuring interactions. Thus the abundance resulting from this mechanism is a lower bound to the abundance of any interacting species of long-lived (ULDM), and applies, for example to axion-like candidates.
Caveats: The result (V.26) implies that for a very low inflation scale, namely with H dS ≪ 10 13 GeV and for a fixed, given mass m ev the (ULDM) gravitationally produced yields a much smaller abundance. Or, equivalently, the value of the mass that yields the correct (DM) abundance increases substantially, whereas consistency of the approach requires the upper bound given by (V.28). Since there is a large uncertainty on the scale of inflation, to be resolved by a clear measurement of primordial gravitational waves (or the tensor-to-scalar ratio), it is possible that a very low scale would lead to a revision of the assumption on instantaneous reheating. Furthermore, the only direct observational evidence of a (RD) era is from Big Bang Nucleosynthesis via the primordial abundance of light elements; this scale, however, corresponds to a few MeV. Thus it is possible that the reheating temperature is as low as a few MeV. If this were the case, a very large discrepancy between the scale of inflation and the reheating temperature cannot be accommodated within the instantaneous reheating approximation because modes that are superhorizon during inflation may re-enter during the dynamical evolution between the end of inflation and the (RD) stage, thus modifying the final distribution function even for long wavelengths. Such large discrepancy will require a fundamental understanding of the cosmological evolution between the two eras suggesting that there may be a long epoch after the end of inflation that is not described by a (RD) cosmology. This scenario would invalidate one of our main assumptions and require a completely different approach to describing cosmological production, and at the fundamental level, a complete revision of assumptions on post-inflationary cosmology.
VII. CONCLUSIONS.
We have studied the non-adiabatic cosmological production of ultra-light dark matter particles under a minimal set of assumptions: a single ultra-light real scalar field that only interacts with gravity and no other field, it is a spectator field in its Bunch-Davies vacuum state during inflation, it does not contribute to the inflationary dynamics nor to any linear metric perturbation (such as isocurvature). We focus on superhorizon wavelengths after inflation, since these are the cosmologically relevant scales for structure formation, and assume an instantaneous reheating into a (RD) cosmology. The cases of minimal and conformal coupling to gravity are analyzed separately. The mode equations in either case are solved exactly both in the inflationary and the (RD) eras with a continuous matching of scale factor, Hubble rate, mode functions and conformal time derivative at the transition. These continuity conditions imply the continuity of the energy density across the transition. The "out" particle states are carefully defined in terms of the zeroth-order adiabatic states at asymptotically long time after the transition, these states are locally identified with particle states as in Minkowski space-time. The matching conditions at the transition between inflation and (RD) yield the Bogoliubov coefficients from which we obtain the distribution function of produced particles. We establish a correspondence with a (conformal) time dependent particle number by introducing an adiabatic basis of "out" particle states and show explicitly that particle production is a direct consequence of non-adiabatic cosmological evolution during inflation and well into the (RD) era. We show that for a mass 10 −22 eV m cosmological evolution becomes adiabatic well before matter-radiation equality. The number of produced particles only depends on cosmological parameters. Whereas a conformally coupled light scalar particle is produced with negligible abundance, there is substantial production for minimally coupled light particles with masses much smaller than the Hubble scale during inflation. The distribution function of minimally coupled light fields feature an infrared enhancement "inherited" from the inflationary stage yielding a behavior N k ∝ 1/k 3 at small comoving wavevectors. We obtain the full energy momentum tensor for the For this value of the mass we find the equation of state parameter at matter-radiation equality w(a eq ) ≃ 2.5 × 10 −14 , and a free streaming length (cutoff scale of the matter power spectrum) λ f s ≃ 70 pc .
(VII.1)
Therefore the produced particles while very light are a cold dark matter candidate with a free streaming length comparable to that of weakly interacting massive particles.
A comparison between the cases of a light scalar minimally and conformally coupled to gravity leads us to conclude that in the minimally coupled case, a large fraction of the abundance is produced during the inflationary stage for superhorizon modes.
This is the simplest model for the darkest of (ULDM) since this particle only features gravitational interactions. As such, the results for the abundance provide a lower bound and a baseline for the abundance of any (ULDM) candidate with a lifetime equal to or longer than 1/H 0 . Interactions with degrees of freedom of the standard model or beyond that leads to particle production will only increase the abundance. This lower bound applies to axion-like particles and must be accounted for in the (DM) contribution of any (ULDM) candidate. A study of cosmological production of fermionic degrees of freedom will be reported elsewhere [64] . |F(x, α)| = 1 |α| 1/4 1 −
ϕ(x, α) = π 4 + |α| x 1 + 2 x 2 48 |α| + · · · = π 4 + k η 1 + m 2 H 2 R η 2 6 k 2 + · · · . (A.2)
And for x 2 ≫ |α|
Up to an overall constant phase these expansions coincide with the expansions of
in both limits k ≫ m H R η and k ≪ m H R η respectively.
Appendix B: Second order adiabatic contributions to T µν
We gather the results of second adiabatic order for the expectation value of the energy momentum tensor (see [56, 57] ). The terms with 1/ω k ; 1/ω 3 k yield ultraviolet divergences for N k = 0, which are subtracted and absorbed into the renormalization counterterms as discussed in section (V), whereas the term proportional to N k yields ultraviolet finite contributions because N k 1/k 4 at large k. During the (RD) dominated era and near matter-radiation equality, these terms are suppressed by a factor 
